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Introduction

Modeling knowledge and rationality was one of the reasons why logic was developed
starting from Aristotle. Passing through mathematizations of reasoning like Propositional
Logic or First Order Logic, there were also attempts to use modal logic to deal with the
distance between what is true in the world and what the agent knows about it. For
instance, in Epistemic Logics some modal operators that represent the knowledge of an
agent (or what every agent knows) are added and a Kripke-style semantics is developed
(see for further details [I8] and [10]).

Even if the modal approach sheds important light on the qualitative study of uncer-
tainty, probability is the tool used from the beginning to investigate the question quan-
titatively. However, this doesn’t mean that what we will present is the perfect approach
for dealing with these concepts. Indeed:

e The probabilistic approaches have huge limitations: usually the degree of beliefs of
an agent are expressed by real numbers and it’s not really clear how to retrieve this
value (if it exists) from an agent; moreover, in this framework, we force any two
events to be comparable in terms of likelihood to the eyes of an agent. So for a
given goal, a different point of view about the topic can be more suitable;

e There are a lot of techniques that use probabilities and what is shown in the thesis
is only one among all the possible ways to formalize the question.

Rudolf Carnap’s works ([I] among others) are considered one of the main texts about
Inductive Logic; with time, the philosophical interests that were at the base of his research
began to fade in favor of a more mathematical approach to the topic. Haim Gaifman ([7]),
Marcus Hutter ([12]), Jeffrey Paris, and Alena Vencovska ([20], [11], [21], [22], [19]), among
others, developed a sound mathematical theory for rational beliefs based on first-order
logic and probabilities of sentences. This line of research is called Inductive Logic and the
main results discovered until now are collected in [20].

The main question that Inductive Logic tries to answer is: “What degree of belief
should a rational agent have about a certain property relative to the world it lives in?”.
Giving a precise meaning to the italic terms is essential to understanding what it really
means:

e degree of belief: an agent will assign to any property a value in [0, 1] depending on
how much likely it is: 0 if it is regarded as impossible, 1 if certain;

e property: an agent will judge statements expressible in a given logic and a certain
language L{1]

lsometimes called signature.



e world: an agent will be supposed to “live” in a L-structure.

The beliefs of an agent are represented as a map (called probability) from the set of
all the L-sentences, denoted by Sen(L), to [0,1]. Not all the maps can describe what a
rational agent thinks and the first part of Chapter 1 is devoted to a more precise discussion
about what we mean with rationality. There, we will present three different approaches
and it will be shown that they all justify the same definition (Definition .

In Chapter 1 we investigate the first symmetry principles ending with the ultimate
Invariance Principle: there is only one probability that satisfies this property and sadly
this way of assigning beliefs has severe faults that are investigated.

The work will move towards other principles different from symmetry that can be used
to study the rationality of a probability: in particular, in Chapter 2 we will investigate
the notions of Relevance and Irrelevance, ending with the presentation of the Carnap’s
continuum, a family of probabilities depending on a parameter A € [0, +oc] that satisfy
most of the rational requirements usually accepted by the scholars.

Notations

Throughout the work, we will use a standard notation for usual mathematical objects.
However, since we will heavily use logical concepts and they are sometimes represented
in different ways in literature, we want to outline clearly the meaning of some symbols.

In the following, we will consider languages L that are countable, i.e. with a countable
supply of variables (x1,...,Zy,... O Y1,...,Yn,... or simply z,y,2), with a countable
supply of constants (Con = {ay,...,an,...}) predicate symbols (Ry,...R,) that gener-
ally are considered unary, if not otherwise specified; we will not consider languages with
equality.

The logic that we will use is the first-order classical one (FO) and the set of all sentences
(i.e. formulas without free variables) that can be built with the boolean connectives
(A, V,—,—, =), the first-order quantifiers (3,V), and with the non-logical symbols of £
will be denoted with Sen(L); the set QFSen(L) will be the set of all the quantifier-free
formulas of Sen(L). Regarding substitutions, ¢{x/t;} will also be denoted by ¢(t;) when
the variable which we are replacing is clear from the context or irrelevant.

We will also use some concepts or results from Model Theory: a generic structure will
be denoted by gothic letters such as 2A,B,.... A structure 2 will be called a model of
@ € Sen(L) if ¢ holds in A (denoted by A F ¢): often, following most of the literature,
the terms “structure” and “model” are used with no difference in meaning, and we will
say, for instance, “consider a model 2”even if there is no reference to a sentence. Dealing
with formulas ¢ that have free variables, a structure 2l isn’t enough to give meaning to
a notion of validity in the model. We need a state assignment o, that is a map from the
set of variables in £ to the domain of 2: since the only important values to understand if
2, 0 F ¢ are the ones assumed on the free variables occurring in ¢, sometimes the domain
of o is considered to be restricted to them. In addition, given ¢ = p(z1,...,x,), where
x1,...,x, are the variables that appear free in the formula at issue, and given dy, ..., d,
elements of the domain of 2, the notation “UU F ¢[dy,...,d,]” will mean that given a



state assignment oﬂ such that for any ¢ = 1,...,n 0 maps z; to d;, /A, 0 F ¢.

In general, when new or less common mathematical objects are introduced, we will
discuss also the notation used.

»

2By Model Theory results, it is equivalent to say that “for any state assignment o ...
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Chapter 1

Symmetry

1.1 First Definitions

In this chapter, after recalling the setting of Pure Inductive Logic we are working with,
we analyze the role of symmetry in establishing rational principles.

In our context the rational beliefs of an agent is formalized by the following definition.
Recall that, as already mentioned in the Introduction, we will work with languages £
with a countable supply of variables, of constants (denoted by Con = {a,, : n € Nt}),
neither functional symbols, nor equality.

Definition 1.1.1. Given a language L, a probability on £ is a map w : Sen(L) — Rsq
such that:

(a) for every valid ¢, w(p) = 1;
(b) if =(p A1) is valid, then w(p V ) = w(p) + w();

(c) for every ¢ with one and only one free variable z, we have:

w(Jzp) = sup{w(\/ o{x/a;}) : I finite subset of N}. (1.1)

el

Example 1.1.1. We can consider a language £ as above specified and a L-structure 2 €
Modcon (L), i.e. an L-structure with the given domain Con with the natural interpretation
of the constant symbols, i.e. for any i € NT a® = a;. We can define the probability wy
that assigns 1 to all the sentences true in 2l and 0 otherwise. This is a probability since:

e if  is valid, then it is true in 2 and, therefore, wy(p) = 1;

e let ¢ and v be in contradiction, i.e. (¢ A1) be valid. Then A F =(p Av) and thus
in 2 only one among ¢ and ¢ can be true. We have two cases:

— if ¢ V¥ is true in 2, then wy (¢ V ¥) = 1. Furthermore, at least one among ¢
and v is true in 2 and, by the previous remark, exactly one of them is, from
which the condition b) of Definition is satisfied;

— otherwise, ¢ V 1 is not true in 2 and so is ¢ and . Therefore, wy(p V 1)) =
wy () = wy () = 0, hence the thesis;

9



10 CHAPTER 1. SYMMETRY

— since the domain of 2 is Con, for any ¢ formula with x as the only free variable,
we have that 20 F Jxy if and only if A F p(a;) for some ¢ € NT: from this, the
thesis follows.

The just defined wy is a truth-values valuation: therefore, this example shows that all
these valuations are nothing but probabilities on Sen(L).

Example 1.1.2. Another example of probability is given by taking convex combinations
of the probabilities in Example given some L-structures 2y, ...,%2, and some non-
negative reals mq, ..., m, that sum to 1, we can define the probability

n
w = E m;wsy, .
i=1

We can generalize the example above in the case of a countable quantity of structures:
we can choose some structures {2;};en, some non-negative weights {m;};cn such that
> ienMi = 1 and define a new probability w = .y m;wg,. There is no need to take into
account only probabilities of the form wg,: every convex combination (also countable) of
probabilities is a probability.

Perhaps, the reader has already encountered such examples of probabilities in logic
expressivity results. For instance, suppose that £ is a finite language without functional
symbols. Sincd'] for fixed n € NT, there are a finite number of structures of cardinality n
up to isomorphism, we can define for all n > 0 the (finite) set C, of all the L-structures
with n elements in the domain (up to isomorphisms). For every formula ¢, let

CHA el AR o}

wy(p) : 1,

These w,,’s are probabilities in the sense of Definition and they are linear combi-
nations (with all the weights equal to ﬁ) of probabilities of the form wy for an L-structure
2.

The limit as n approaches to infinity of these probabilities exists and it is also a
probability, a trivial one, though: the 0 — 1 Law for first-order logic states that for every
formula ¢ € Sen(L) the limit at issue exists (usually it is called asymptotic probability)
and the possible outcomes are only 0 or 1.

Example 1.1.3. The many-valued propositional valuations Gy defined by Gddel are not
examples of probabilities over sentences for k& > 2. Even if they are usually defined only for
quantifier-free formulas, we present an argument that shows that each of their extension
to Sen(L) can’t be a probability, since the violation of Definition happens already
for sentences in QFSen(L).

We will show it in the case k = 3, but it’s easy to generalize the result to all the other

cases. Let v : QFSen(L) — {0, %, 1} be the propositional valuation defined inductively on

IThe absence of functional symbols is necessary for the proof of the theorem we will discuss later in
the example; we don’t need this assumption to have only finitely many not isomorphic structures with a
given cardinality, though.
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the height of the formulas following the rules

v(p A ) = minfu(p), v(¥)};
v(p V) = max{v(p), v(¥)};

v(w)z{l if u() =0

0 otherwise

1 if v(p) < v(Y)
v(y)  otherwise '

v(e = 1) = {
Considering the case in which v doesn’t assume only the values 0, 1, there is a formula ¢
for which v(¢) = 3. Hence, v(—¢) = 0 and v(¢ V ) = 3, even if o Vg is a tautology.

Remark 1.1.1. Condition ¢) in Definition is called Gaifman Condition: it is essen-
tially based on the fact that for the applications we have in mind, the universe is exhausted
by the constants of our language, i.e. all the objects of the world the agent is living can
be represented by a constant symbol in the language £ used.

The conditions in Definition [1.1.1] are sufficient to guarantee other properties of a
probability, as the following proposition shows.

Proposition 1.1.1. Let w be a probability over a language L. Then for every p,v and
i € Sen(L) the following hold:

1) w(—p) =1—-w(p);

2) w(y) €10,1;

3) if v is unsatisfiable, then w(y) = 0;

1) if ¢ — b is valid, then w(y) < w();

5) if o = 1 is valid, then w(y) = w();

6) w(o A) < w(¥) and the equality holds if ¢ is valid;

7) w\i_, i) < > w(p:) and the two terms are equal if the sentences ¢y, . .., ¢pn
are pairwise contradictory sentences (i.e. for every distincti,j € {1,...,n}, i \;
is unsatisfiable);

8) w(e V) +wlp Ap) = w(p) +w(®).
9) if w(v) > 0, the map w(—|v) : Sen L — R defined by

w(p A1)

w(ply) = WD)

18 a probability;

2This result should not surprise the reader, since this kind of semantics was originally developed to
study intuitionistic logic: the violation of Definition [I.1.1I] we presented, indeed, relies on the fact that
the principle of excluded middle is not a tautology according to these valuations.
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10) if v is a formula with x as the only free variable,

w(@rp) = lim w(\/ p{z/t:}); (1.2)

i<n
11) if ¢ is a formula with x as the only free variable,

w(Vry) = inf{w(/\ e{x/t;}) : I finite subset of N} (1.3)

el
12) if ¢ is a formula with x as the only free variable,

w(vag) = tim w(/\ pla/t}) (L4)

<n

Proof. 1) Since —(p A =) is valid, then w(p V =p) = w(p) + w(—y). The first term
of the precedent equality is 1 because ¢ V = is valid, then the thesis;

2) By Definition [1.1.1] w(yp) > 0 but also w(—¢) > 0. Thanks to 1), we have w(p) =

3) It follows from 1) and the fact that the negation of an unsatisfiable formula is a
valid one;

4) If ¢ — 1) is valid, then so ¢ V = is and therefore =(—t) A ¢) is. By b) of Definition

mv
w(— V) = w(=y) +w(p)

and therefore, using 1) and 2)
1> w(= V) =w(=) +w(p) =1 —w(@) +wlp),
from which the thesis.
5) It follows from 4)

6) By the excluded middle principle, 1 is equivalent to (¢ A ) V (0 A =p). Therefore
by 5) and by the fact that ¢ A ¢ is in contradiction with ¢ A =@, we have

w() =w((P Ae) V(A=) =w(Ap)+w) A—p) > wtAgp).

In the case in which ¢ is valid, then ¥ A = is unsatisfiable, and by 3) the last
disequality in the expression above is indeed an equality.

7) Assume first that oy, ..., @, are pairwise contradictory. Then, also ¢1V@oV- -V, 1
and ¢, are in contradiction and by b) of Definition m,

w(pr V- Vp) =w((@1 Ve Vo) Von) =w(er V- Von1) +w(pn).

Then, it is easy to see that the thesis follows by induction, in the case of pairwise
contradictory sentences.
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In the general case, we can notice that

n n—1 n—1
Vei=\ eV einen
=1 =1 =1

and that \/7—,' i and (= /7' ¢; A ¢,) are in contradiction. Therefore by 5), b) of
Definition and 6), we have

wlV o) =wl\/ ey GV onen) =V o)+ u(= \ oinen)

<w(\/ @) + w(en).

=1

As in the previous case, it’s easy to see now that a simple induction yields to the
thesis.

We can notice that ¢ V 1 is equivalent to the formula ¢ V (=¢ A 1)), that has the
two disjuncts in contradiction. Therefore

w(e V) =wlpV (mp A)) = w(p) + w(-e A1), (1.5)

Using that 1 is equivalent to (¢ A ¥) V (—¢ A 1) and that the disjuncts on this
formula are in contradiction, we get

w(®h) = wp AY) +w(—p A). (1.6)
Combining Equation ([1.5) and Equation (|1.6) we have the thesis.
The condition a) of Definition holds by 6). To show the validity of the condition
b), let ¢1 and ¢y two sentences that are in contradiction. Logically, (¢1 V ¢2) A1 is

equivalent to (1 A1)V (p2 A ) and the two disjuncts are in contradiction by the
hypothesis we are assuming about ¢; and ¢s. Therefore,

w((p1 V p2) AY) = w(pr A) +w(p2 A ),

and, then,

_wllpr Vo) ANY)  w(er AY) + wlps AY)

= w(p1]1) + w(pelh).

Let s be the right-hand-side of Equation ((1.1)) and [ the limit that appears in item
10) of this proposition: we will prove that s = [. Combining 8) and 6) of this
proposition, we have for all ¢y, s € Sen(L)

w(p1 V ga) > w(epr),

and by induction we have that the succession {w(\/,.,, ¢{7/a;})}nen is increasing,
therefore the limit exists and

lﬁ=ﬂ§@;uw\/¢ﬁx/m})=§EEUK\/¢ﬁx/w})

i<n i<n
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Since the sets of the form {0,1,...,n} form a subset of all the finite subsets I of N,
s > 1. Now, for an arbitrary e, from the definition of sup, we have a finite I C N
such that s —w(\/,.; p{z/a;}) < e. If n is the maximum natural number in I, then

w(Vep e{r/ai}) <w(V,o, p{z/a;}) and
s\ lafa)) < -

i<n
Therefore, as n approaches +o0o we get
s—1<e
and, since ¢ is arbitrary, s < [. Hence, s = [ and the thesis follows;
11) using 1) of this proposition, De Morgan’s laws and properties of sup,

w(Vey) = w(-Jx—p) = 1 — w(Jz—p)
=1- sup{w(\/ —@{x/a;}) : I finite subset of N}

i€l
=1- sup{w(j/\gp{x/ai}) : [ finite subset of N}
i€l

=1—sup{l — w(/\ o{z/a;}) : I finite subset of N}
icl

=1-(1- inf{w(;\ e{z/a;}) : I finite subset of N})
iel

= inf{w(/\ cp{x/aie}) : [ finite subset of N}).

i€l

12) we can proceed in an analogous way as in item 10).
O

Remark 1.1.2. Condition 3) of Proposition is not invertible: it’s possible to find
a probability w and a satisfiable sentence ¢ such that w(p) = 0. For instance, take
a formula ¢ that is satisfiable but not valid and a model 2 for —¢. Then, using the
notation of Example [l.1.1] wy(¢) = 0. With the same argument, we can show that it is
also possible to find a probability w and a sentence ¢ that is not valid, but w(yp) = 1.

Remark 1.1.3. Condition 7) of Proposition is not an equivalence: there can be a
probability w on Sen(L) and two statements ¢, @2 not in contradiction with w(p; V) =
w(p1) + w(ps). For instance, take two formulas ¢ and ¢y such that @1 A ¢y is satisfiable
but not valid and a model 2 such that

AF o1 Nps AE @1 A po.

Then,
wy (1 V @2) = 1 = walp1) + walp2),

even if 1 and @ are not in contradiction.
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Thanks to 9) of Proposition we can define, whenever w(vy) > 0, the conditional
probability w(—|v) as pointed out above.

Proposition explains why the maps in Definition [1.1.1] are called probabilities
and not simply “measures”: indeed, they can be regarded as maps from Sen(L) to [0, 1]
and not to all Rsy. Even if some similarities with the usual notion of “probability”
can be detected, the reader with a more measure-theoretic approach will however have
some trouble with the use of this term for such functions: however it can be shown that
there is a tight correspondence between probabilities (in the measure-theoretic sense) on

Modcon(£) and probabilities as in Definition [I.1.1] (see [20], Chapter 3).

This result allows us to motivate more the definition of probability as a way to express
the beliefs of an agent: indeed, if we think about the elements on Modce, (£) as the worlds
where an agent can live in, another way to express its beliefs is to consider how much
according to the agent is plausible to be in a model: this is formalized in mathematics
by the notion of probability and this approach leads us to an equivalent definition to the
one of Definition [L.1.1l

There is also another motivation that we briefly present here and that is hystorically
called Dutch Book Argument. According to this approach, the beliefs of an agent should
match its betting prices. An agent believs in ¢ at least p if and only if it would accept to
play with the dealer the bet game, for a stake s > 0: it gains s(1 — p) if ¢ is true and it
loses sp otherwise. For any sentence ¢ € Sen(L) we can consider the upper bound of all
the p’s for which game, is acceptable to the agent and this defines a function Bel that is
a way to express the beliefs of the agent:

Bel : Sen(£) — [0, 1]

¢ = sup {game, is acceptable for the agent.}
pe[071}

In this game-theoretic setting we have a notion of rationality: an agent can be Dutch-
bookable if and only if it considers acceptable a set of bets that will lead it to a certain
loss; an agent is considered rational if it can’t be Dutch-bookable.

Also in this case, the definition of the beliefs of an agent meets the formalization used
in Definition [1.1.1} a probability w can’t be Dutch-booked and if a function Bel can’t be
Dutch-booked, then it is a probability (see [20], Chapter 5).

Recall that the language we are using is composed of constant symbols aq,as, ...
and ¢ relation symbols Ry, ..., R, of ariety 7,...,r,, respectively. For distinct constants
b1, ..., b, coming from the a;’s, a state description (or a state formula) for by, ... b, is a

sentence of the form
q
@:/\ /\ iRi(Cl,...,Cri),

1=1¢1,..5Cr;

where for any i = 1,...,q the ¢,..., ¢, range over all (not necessarily distinct) choices
of by,...,b, and +R; is an abbreviation that stands for either R; or —R;. Since for
every 1 = 1,...,q, we take into account all the possible choices of r; elements among the
constants we are interested in, a state description describes all it is possible to know about
how b4, ...,b,, relates to each other according to the various R;’s. With this notation,
we mean also that for every i, a choice ¢y, cq,...,c,, appears only one time in the state
description: therefore, © is satisfiable. It will be useful to give also a meaning when
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m = 0: in this case, no constant symbols will appear in ©, and we will interpret it as a
tautology (since it is the empty conjunction).

Example 1.1.4. If a language has a unary symbol P and a binary symbol R, then a
possible state description for the constants a, b is

O(a,b) = P(a) AN —=P(b) A R(a,a) N = R(a,b) N R(b,a) N R(b,b).

State descriptions will be denoted by upper case Greek letter as ©,®, ¥: sometimes
with a slight abuse of notation, we will call also state descriptions (for zi, ..., x,) formulas
O(z1,...,x,) such that for any constants by, ...,b,, the sentence ©{z1/by,...,x,/b,} is
a state description for bq,...,b,.

State descriptions are useful because every quantifier-free sentence is equivalent to
a (finite, possibly empty) disjunction of state descriptions (Disjunctive Normal Form
Theorem)E]; furthermore, two different state descriptions are contradictory, hence if we

have a sentence (b) € QFSen(L£) that is equivalent to \/,.4 ©;(b) for a given finite set .S,
we have

w(ip(b)) = Y w(®i(B)).

€S

To fully describe a probability w, it is sufficient to determine the values given to state
descriptions: having these, indeed, we completely describe w on QFSen(L£) and then there
is a unique extension to a probability on Sen(L); such an extension can be provided by
resoning inductively on the number of quantifiers in the prenex form of a formula and by
using repeatedly item (c) of Definition

Another useful property that we show here is that we can compute w on a state
description involving some constants by, ..., b, by simply knowing the values assumed by
w on some state descriptions for by, ..., b, with r > m. Indeed, for any state description
O(by,...,by), we have

Obi,...,by) = \/ (b, ..., 0y),

®(by,...,br)EO(b1,...,bm)

ie. O(by,...,by) is equivalent to the disjunction of all possible state descriptions ® for
bi,...,b, that imply ©. Hence,

w(O(by, ... by)) = > w(®(by, ..., b)) (1.7)

®(by,...br)FO(bi....bm)

We can notice, also, that the semantic consequence relationship F is easy to determine
on state descriptions. Indeed, ®(b,...,b.) F O(by,...,b,) if and only if ®(by,...,b,)
restricted to the constants by, ..., b, is equal to ©(by, ..., by,).

We showed that a probability w is determined uniquely by its value on state descrip-
tions. However, to construct a probability starting from the values assigned to state
descriptions, we should pay some attention to avoid an overdetermination or a not well-
defined function. However, if we assign a value w(©) for any state description in such a

3We use the usual convention that an empty disjunction is L.
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way that the following holds:

w(O(by,...,by)) > 0 for every by, ..., b, constants;
w(T) =1; (1.8)
Equation (1.7)) holds for any » > m and every constant symbols by, ..., b,,

there is a unique extension to a probability w first on QFSen(£) and then on Sen(L) as
previously explained, that coincides with the above values on state descriptions.

If a languge is unary, i.e. all the relational symbols R;,..., R, are unary, a state
description O(by,...,b,) for the constants by,...,b, (among the set {a;};en+) has the
form

Obr,....bn) = N\ \ £R;(b),

where +R and —R are intended to be, respectively, R and —R. Another representation
of a state description is given taking into account atoms i.e. formulas a(z) of the form

?:1 +R;(x). In the case of unary languages, an atom where z is replaced by a constant
b describes all we have to know about 47} furthermore, from the assumption that the set
of relation symbols is finite (it has cardinality ¢), it follows that also the number of all the
possible atoms is finite (it has cardinality 27 and they will be denoted ay(z), ..., aad(x)).
Any state description, henceforth, can be seen as a conjunction of atomsﬂ ie.

Obr,-...bn) = /\ an, (),
=1

where the h;’s vary in the set {1,...,29}.

1.2 Symmetry

In this section, we will focus on the unary case: in general, as always, if not otherwise
specified, the language will have constants {a, },en+, unary relational symbols Ry, ..., R,
neither functional symbols nor equality.

To motivate the principles we will present, suppose to have an urn with some balls (say
for simplicity a countable supply), each with a non-zero natural number on it. Suppose
that different balls have different numbers written on them (so, there is one and only one
ball for each positive natural) and that these balls can be red or have a different color; in
addition, the balls can have a white circle on them or not.

To formalize this situation, we will use a language £ composed of a countable supply
of constants {a, },en+ and two unary predicate symbols P;(z) and P(z).

In the following, we will assume that the agent is in the zero-knowledge condition, i.e.
it doesn’t know any relevant information about the world it lives in. In this setting, this
means that the agent knows only that the universe is exhausted by the constant symbols

4Notice that this is not the case when the language has at least a binary relation symbol.

SHere and in the following we will use the world atom not only to mean a formula like o;(x) with z
as free variable but also the statements of the form «;(b) for a constant symbol b: this is in analogy with
the terminology used for state descriptions.
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in £ and that the entities it is studying can satisfy two unary properties, represented by
the predicate symbols P;(x) and Ps(z).

We will present some valid formalizations that can be used:

Formalization 1:

The constant a; is assigned to the ball in which the number ¢ is written; P;(a;)
stands for “the ball associated with a; is red”; Py(a;) stands for “the ball associated
to a; has a white circle”.

Formalization 2:

The constant a; is assigned to the ball in which the number ¢ is written, for every
i ¢ {1,2}; a; is assigned to the ball in which it is written 2 and ay to the ball in
which it is written 1; Pj(a;) stands for “the ball associated to a; is red”; Ps(a;)
stands for “the ball associated to a; has a white circle”.

Formalization 3:

The constant a; is assigned to the ball in which the number ¢ is written, for every
i; Pi(a;) stands for “the ball associated to a; isn’t red”; P(a;) stands for “the ball
associated to a; has a white circle”.

Formalization 4:

The constant a; is assigned to the ball in which the number ¢ is written, for every
i; Pi(a;) stands for “the ball associated to a; has a white circle”; Py(a;) stands for
“the ball associated to a; is red”.

Formalization 1 and Formalization 4 can seem neater than the others: Formalization
2 involves an assignment of constants to balls that is not the first that comes to mind; in
Formalization 3, P;(a;) means that the ball a; is not red, even if it seems more natural
that P;(z) stands for “z is red”.

However, these formalizations are all valid and expressive in the same way: they differ
only in the name given to objects or properties we want to study.

Suppose we want to formalize the following property: the ball with 1 written on it is
red. According to the different formalizations, we have different sentences that represent

it:

Formalization 1: Py(ay);
Formalization 2: Py(as);
Formalization 3: —Pi(ay);

Formalization 4: Ps(aq).

In general, if a property is represented in Formalization 1 by a formula ¢, then:

in Formalization 2 the property is expressed by @5 that is the outcome of replacing
the occurrences (if any) of a; with ay and of as with ay;

in Formalization 3 the property is expressed by 3 that is the outcome of replacing
the occurrences (if any) of P; with =P;
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e in Formalization 4 the property is expressed by ¢, that is the outcome of replacing
the occurrences (if any) of P; with P, and of P, with P;.

A rational agent should observe this ambiguity of the language: it should not give
different values to sentences that can express the same property. In this way, we can
justify some principles that appears in literature:

e comparing Formalization 1 and Formalization 2, an agent should consider ¢; as
likely as ¢y. Generalizing this example, we can deal with permutations of N™ more
complex than the one that swaps a; and as and get the Constant Ezchangeability
Principle (Ez): a probability w satisfies Ex if for any statement (b1, ..., b,) with
bi,...,b, distinct constant symbols, and for any other n distinct constant symbols

hy ..., b we have that w(p(by, ..., b,)) = w(e(d),...,0)));

) Yno

e comparing Formalization 1 and Formalization 3, we get the Strong Negation Prin-
ciple (SN): a probability w satisfies SN if for any statement ¢ and for any predicate
symbol R, if ¢ is the outcome of replacing in ¢ any occurrence of R with =R, we
have that w(p) = w(¢');

e comparing Formalization 1 and Formalization 4, we get the Predicate Exchangeability
Principle (Pz) - Unary case: if R and R’ are two relational symbols and for any
statement ¢, ¢’ is the outcome of replacing in ¢ any occurence of R with R’ and
any occurence of R’ with R, then w(p) = w(¢’).

As it will be more clear in the future, these principles are regarded as symmetry ones:
Ex reflects a symmetry between constants, Px between predicate symbols (of the same
ariety), and SN between a predicate symbol and its negation.

Ex is a principle that is agreed by all the scholars and sometimes the term probability
denotes a probability as in Definition satisfying Ex.

The importance of Ex is reflected by the relevance of an essential representation result:
the De Finetti’s Theorem. In the following the set Dys will be the simplex in R?

24
]D)Qq - {(Il, e 7x2‘1) S [0, 1]2‘1 . ZI’Z = ]_}
=1

Given Z € Dqq, we have a probability on Sen(L) putting

m m 249
wf(/\ O‘hz(bl)) = H‘rhi = Hx;nj’
i=1 i=1 j=1

for all the state descriptions and then extending to all the sentences in QFSen(L£) and in
Sen(L) as provided by previous arguments, where m; = [{¢ : h; = j}|. To verify that wz
defines a probability, we can check whether the conditions required in (1.8]) are satisfied:

e for every state descriptions © = A", ap, (b;),

i=1

since every ¥ € Dy, has all the components non-negative;
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e wz(T) =1 because it is the empty product.ﬂ

e suppose r > m and that we have a state description © = A" | ay,(b;). Then, a state
description /\;:1 ay,(bj) has © as a semantic consequence if and only if for every
Jj <m, h; = f;. This means that

Z wz(®(by, ..., b)) =

(I’(bl7-~~7br)#6(b17-~~7bm)

m r
= Z wf(/\ ahz‘(bi) A /\ O‘g(i)(bi))
g:{m+1,...,r}—{1,...,2¢} i=1 i=m+1
= > [Ten 11 @0
g:{m+1,...,r}—{1,....29} =1 i=m+1

=H > 1T #0)

g:{m+1,...,r}—={1,...,2¢} i=m+1

TLon = ws(Aan ) = w8

Then, we can extend this to a probability to all Sen(L£) by using item (c) of Definition
[[.T.1] as at page[I7]

Theorem 1.2.1 (De Finetti).
Let L be a unary language with q relation symbols and w a probability on Sen(L) satisfying
FEx. Then there is a unique probability p on the borel o-algebra of Deg such that

wiNon®) = [ wsl A\ on,(b) du(ff) (19

i=1
for any m € Nt and atoms «y,, of the language.

Conversely, if 1 is a probability on the borel o-algebra of Daq, and w is defined as in
Equation , then it can be extended to a probability on Sen(L) that satisfies Ex.

As an immediate corollary, we can generalize Equation (1.9 from conjunctions of
atoms to sentences.

Corollary 1.2.2. With the notations used in Theorem if w is a probability that
satisfies Bz, then there exists a unique probability p on the borel o-algebra of Daa such
that for every o(by, ..., b,) € Sen(L)

w(e(by,...,by)) :/]D wz(p(b, ..., b)) du(Z). (1.10)

Conversely, if p is a probability on the borel o-algebra of Dyq, then, using Equation
1.10)), we can define a probability w that satisfies Ex.

6This is a usual convention. However, if we wanted to avoid this fuzzy notation, we could define
directly wz(T) = 1.

"We can notice that the function Z — wz(/\~, an,(b;)) is measurable since it is a polynomial, hence
continuous.
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Theorem [[.2.1] clarified by Corollary provides a useful tool for dealing with
probabilities that satisfy Ex. Indeed, such a probability can be seen as a convex combi-
nation (according to ) of probabilities with a specific form, i.e. of wz’s with Z € Dy;
furthermore, the probability u that determines the “weights of the various points in the
Simplex”ﬂ with regards to the representation of w is unique. In the following, given a
probability w, we will call such a u the De Finetti prior of w. Let’s show an example.

Example 1.2.1. Assume to have a language £ with only the unary relation symbol
R and let’s describe the probability w starting from its De Finetti prior. If X is the
Lebesgue measure on [0, 1], then the map f : ¢ — (t,1 —t) from [0, 1] to Dy determines
the pushforward probability f,A on D,. In this case, for any function g : Dy — R, we
have
[ ot @ = [ gts) ane.
Dy [0,1]

In this language, we have only two atoms a;(x) = R(x) and as(z) = =R(x) and for any
constant b, w gives the same value to all the atoms:

w(R(b)) = /D 21 dN (21, 72)) = /[Ovutdt:%
w(=RO) = |

D2

(0,1]

(]

If we have a state description A7 ap, (b;) withn = [{i : hy =1} and k = |{i : h; = 2},

n+k
zwA%wmzfxmmewm
i=1 D2 (1.11)

kin!
= "=t dt= —— .
/[0,1] ( ) (n+k+1)!

So, since the outcome is the same if we swap n and k, w satisfies SN: this probability,
indeed, in some sense, keeps the major symmetry of the Lebesgue measure. We can notice
also that when quantified formulas are involved, we get

n

w(VzR(x)) :/ wz(VeR(x)) dA((z1,x2)) :/ 1_131 'LUj‘(/\ R(as)) d\((z1, )
]D)Q ]D)Q n 00 i
' 1
- n1—1>I—|I—loo Dy 4g) d}\((l’l,$2)) = n]‘_1>1}_100 ; t" dt = n1—1>IJ,I-loo ol =0.

We end this example by showing a very useful feature of this probability related to epis-
temic induction. By previous computation, using the same notation used in ((1.11f), if
n=1{i : h;=1} and k =|{i : h; = 2}, we have that

n+k n+k
w(N\iy an,(a;) N ar(anipy))
wlar(aniern)| [\ an(ai)) = ——==—=
i:/\l w(/\i:lk an,(a;))
(DR (nFE+D) 1l
S (n+k+2)! nlkl n+E+2

8This makes sense if j is a discrete probability; there can be cases in which this is not, but however
this can be thought as an informal description of the role of p in the representation of w.
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This means that an agent with this probability, after having seen a lot of constants for
which R holds, is more inclined to believe that also it holds for a new constant a,s1:
for instance, roughly speaking, after having seen 10 objects, 9 of which satisfies R, the
probability it assigns to the chance that a new object satisfies R(z) is 10/12f]

There is an analogous result also for polyadic languages (see [26] for a detailed deriva-
tion) that we omit here.

Following the notion of symmetry suggested by Ex, SN, and Px, as we will see, we can
justify other principles; here, we will present maybe the first that is possible to encounter
besides the ones previously listed: the Atom Exchangeability Principle (Azx). A probability
w satisfies Ax if for any function h : {1,...,n} — {1,...,29}, for any permutation 7 of
{1,...,2%} and for any constants by, ..., by,

w(/_\ O‘hi(bi)) = w(/_\ aT(hi)(bi))-

where, as usual, ap, (), - (n,)(x) are atoms.

If we want to exploit symmetry to give rise to many other rational principles, we should
define what we mean by it. In other branches of mathematics, the notion of symmetry
is extremely linked to the one of automorphism: the more automorphisms an object (a
geometrical figure, an algebraic group) has, the more is regarded as symmetric. Dealing

with Inductive Logic, it’s not very clear what should be the “object” to consider.

Recall that an agent can have symmetry only in a zero-knowledge context: if it already
knows that P(a;) A =P(az2) holds, we can’t ask it to deal with a; and as in the same way.
In this condition, an agent knows only a few things: the logical rules, that the universe
entities are exhausted by the set Con, that the properties of these are expressed by means
of the relational symbols in £, and that it lives in one structure in Modcon(£). Hence, in
the literature, it is proposed the following definition of automorphism.

Definition 1.2.1. Consider a language £ with {a, },en+ as the set of constants and the
two-sorted set M (L) := (Modcon(L), B(L)) where,

B(L) = {Modcon(¢) : ¢ € Sen(L)}.

An automorphism of M (L) is a bijective map v : Modgen(£) — Modcen(£) such that for
each ¢ € Sen(L), there is a ¢ € Sen(L) (that will be named ~(y)) for which

7(Modcon(p)) == {7(2) : A € Modcon(p)} = Modcon(¥) = Modcon(v(¢)).  (1.12)

Remark 1.2.1. The requirement expressed in (1.12)) is equivalent to the following: for any
¢ € Sen(L) and for any 21 € Modcon (L),

2AE o if and only if y(A) E v(p). (1.13)
Indeed, assuming ((1.12)), we get ([1.13]), since:

e given a model A of ¢, then since y(Modcen(¢)) = Modeon(V()), v(2L) satisfies
7(%);

9This probability is usually called c4,: we are using here a standard notation attributed to Carnap
and that will be clear after the Definition in Chapter 2.
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e if for a structure 2, v(A) F v(¢), then there is a model B of ¢ such that y(A) =
~v(®B). From the injectivity of v, we get that A = B is a model of ¢ itself.

Conversely, given ([1.13]), we can prove (|1.12]):

e Y(Modcon(¢)) € Modcon(7(¢)): given a model A of ¢, by (L.13)), v(A) F v(¢);

e y(Modcon(¥)) 2 Modcon(7(9)): given B € Modcon(Y()), for the surjectivity of v,
there exists 2 such that v(2) = B. By (1.13)), since B F v(p), A satisfies ¢.

We will present some class of automorphisms of M (L) to get the reader acquainted
with this notion.

e Automorphism that permutes contants:
Given a permutation o of Nt we can construct the following map v : Modcen(£) —
Modcon(£): for any structure 2, () is the structure with Con as domain and the
following interpretation of any predicate symbol R

v(2A) E R(a;) if and only if A F R(ay@)),

for any ¢ € N*. This map is bijective, since o is invertible and we can perform the
same construction with o~!; furthermore, for any ¢(a;,,...,a;,) € Sen(L), we have
that
Y(2A) E (ai,, ..., a;,) if and only if AFE ©(asa,), - -, o))
hence
7<MOdCon(()0(a0(i1)7 e 7a0(in)))) = MOdcon(SO(ail, e ,Gin))

and putting y(¢(as,, - .-, a,)) = ¢(ao-13,), - - - As-13,))), We get an automorphism

of M(L).

o Automorphism that permutes predicate symbols:
In the unary case, the predicate symbols Ry, ..., R, have the same ariety. For any
o permutation of {1,...,q}, we can construct the following map 7 : Modcen(£) —

Modcon(£): for any structure A, () is the structure with Con as domain and the
following interpretation of predicate symbols

v(21) E R;(b) if and only if A F Ry(;(b),

for any b € Con. Then, arguing in a similar way as the previous point, we can show
that 7 can be extended to an automorphism of M (L);

o Automorphism that negates the occurrences of a predicate symbol:
For any i < ¢, we can construct the following map 7 : Modgon(£) — Modcen(£L):
for any structure 2, v(2() is the structure with Con as domain such that the inter-
pretations of R; with j # ¢ is the same as in 2, but

y(2) E R;(by,...,b,) if and only if A F —R;(by,...,b,),
for any by,...,b, € Con. Notice that in this way we have also that
v(A) E =R;(by,...,b,) if and only if A F R;(by, ..., by).

As before, 7 extends to an automorphism of M (L).
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The invariance of a probability w under these classes of automorphisms is a valuable
property: indeed, it corresponds to requiring w to satisfy, respectively, Ex, Px (in the
unary case), and SN. We will state this more precisely after the definition of the invariance
principle.

Definition 1.2.2. A probability w satisfies the invariance principle (INV) if and only

if for any  automorphism of the two-sorted structure M (L) and for any ¢ € Sen(L),
w(p) = w(y(¥))-

Proposition 1.2.1. In the unary case, INV implies Ex, Pz, SN.

Proof. We have already proved this by exhibiting the classes of automorphisms the in-
viariance under which is equivalent to the wanted principles. O

Proposition shows us that all the formalization-based argument presented at the
beginning of the chapter is encompassed by INV. However, what was said is not able
to justify the whole Invariance Principle, that is, in our opinion, not reasonable. Our
thought about INV doesn’t rely only on the absence of motivations providing grounds for
it, but also on what is implied by this principle.

In the unary case, INV generates also other symmetry principles, not only the ones
previously encountered, but also, for instance Ax. Actually it leaves us with a single
probability c defined as follows:

n 1 if n=0;
b (Noan(a:) =927 ifn>1land hy=hy=--=hy,
=1

0 otherwise.
To show that this is a probability, we verify the conditions at page (L7}

e for any state description ©(by, ..., b,,) we have that the value assigned to it by c&
is 0,277 or 1, hence in any case it is non-negative;

e since we use the convention that an empty conjunction is equivalent to T, cg(—l—) =1
by how the map is defined;

e if m =0, then ©® = T and given r > m, any state description ® for by, ..., b, implies
O: since there are 27 state descriptions for which the value given to them by cf is
277 (one for each atom of the language), and to all the others it is assigned 0, we

get that
1
(M= > &@0b,....b)= 225;
®(by,.. by )ET
e if m > 0, taking r > m, constants by, ..., b,, and a state description O(by, ..., b,,) =

Air, an,(b;) we have two cases:

— if all the h;’s are equal to some j € {1,...,27}, c5(©) = 279. Among all
the state descriptions ®(by,...,b,) that imply ©, there is only one (& =
Ai_, @;(b;)) for which the value assigned by cf§ is different from 0 and it is
279: this yields to the thesis;

10See Footnote @, page
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— otherwise, suppose that for two indexes ig,7; € {1,...,m} we have that h;, #
hi,. In any state description ®(by,...,b,) that implies ©, will appear the
conjunct ap, (bi,) A an, (bi,) and Equation holds since both the terms of
the equality are null.

Theorem 1.2.3. Given a unary language L, the only probability that satisfies INV is c&.
Proof. For a detailed proof see [26], Chapter 3. O

Even if the previous section was devoted to the unary case, some of the definitions given
can be carried out also for a polyadic language: in particular the concept of automoprhism
and the principle INV can be easily generalized.

The question of whether INV restricts the range of available probabilities to only one
also in the polyadic case, was open for a long time. Recently, however, it was proved that
it is so[M]

The probability we will get at the end is a generalization of ¢§ to the polyadic setting.
The definition we gave of ¢f is essentially based on the concept of atoms, a notion mean-
ingful only in the unary context: however, the properties defining c5 can be rephrased in
a more generalizable way.

In the unary case, for any atom «;(z) we get a structure 2; in which Vzo;(z) holds.
We can see c§ as the probability on Sen(£) such that

249

w = Z %wmi,

i=1

with the notation used in Example [1.1.1. The structures 2l; are the only ones in which
all the elements of the domain are indistinguishable: the whole behavior of a constant
b € Con is represented by the atom it satisfies when the language is unary. Hence, if

x ~ gy is the formula
249

Nai(@) = ailw)),

i=1
the 2;’s are the different models of VaVy x ~ y.

Considering a polyadic language £ that, for simplicity of notation, we will suppose to
have only a binary predicate R, x ~ y is the formula

Vz(R(z,2) = R(y, 2) A R(z,2) = R(z,y)).
Then we have the structures B, and B, such that
By EVaVy(x ~y A R(xz,z)) By EVaVy(z ~y A -R(z,x)),

and the probability w that generalizes c5 to a polyadic language £ = {R} is

1 1
w= gw% + 511)%1.

Theorem 1.2.4. w s the only probability that satisfies INV.

"This information is based on personal communication with J. Paris and A. Vencovska: the results
are under publications ([19]).
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1.3 What next?

In the previous section, we saw that the INV principle leaves us with a single probability.
The golden goal of this branch of logic is finding rational principles to establish how much
an agent should believe in a fact, i.e. in a logical formula that formalizes the fact: thus,
have we pursued our aim?

The fact that we have found only one available probability consistent with INV seems
to positively answer the question. Actually, this is not the case at all. Dealing with the
unary case, indeed, ¢§ has some unpleasant faults; we will see this using the example of
the urn full of balls used along the work:

e c5 generalizes too much: if the agent discovers that a ball is red, then all the balls
are red according to it. This relies on the fact that for any relational symbol P of
our language, c5(—|P(a;)) is a probability that gives 0 to all the sentences of the
form —P(a;), for all 7, j € N*;

e c5 can’t be used in the process of learning: suppose that the agent discovers that

a ball is red and another one is not. Then, assuming we are using the natural
Formalization 1 of the problem, the agent finds out that there are 7, j € NT such that
the sentence P (a;) A—P;(a;) is true. If we want to adjust the prior probability after
this observation, we should take the conditional probability c&(—|P;(a;) A =P;(a;))
but, as already discussed in the previous point, 5 (P (a;) A =Py(a;)) = 0.

Similarly, we can argue that also in the polyadic setting, Theorem isn’t a good
result as hoped.

Hence, if our formulation of degrees of belief in terms of probabilities on Sen(L) is
right, we must conclude that INV is a too-strong principle.

One path that can be run is trying to define a subclass of automorphisms the invariance
under which should give a rational principle. There are some tentative definitions that
deserve more study; we will present briefly one of these, the Permutation Invariance
Principle (PIP).

Definition 1.3.1. An automorphism v of M (L) permutes state formulas if for any n € N*
there is a permutation f, , of the set of state formulas over variables x, ..., x, such that,
for any state formula ©O(zy,...,z,) and for any constants a;,, ..., a;, , we have

Y(O(as,...,a;,)) = frn(O)H{z1/ai, ..., xn/a;,}.

A probability w on Sen(L) satisfies the Permutation Invariance Principle if for any ~y
automorphism of M (L) that permutes state formulas, and for any ¢ € Sen(L),

w(p) =w(v(p))

This weakening of INV agrees with how we decided to present the topic of symmetry
in this work. Indeed, at the beginning of the chapter, we preferred to stress out the
rationality of some principles (Ex, Px, SN, Vx) using arguments based on the different
formalizations available for a given problem and on the ignorance of an agent in the
zero-knowledge condition.
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This kind of argumenﬂ, which seems really reliable to us, doesn’t justify, as already
noticed, the whole INV principle: for instance, the automorphism + used in the proof of
Theorem [1.2.3] seems different from the ones that could be born from reasons related to
different formalizations.

It makes sense, then, to find other principles, not as strong as INV, that can imply the
principles deduced by such arguments: PIP accomplishes this request, i.e. it is sufficient
to deduce Ex, Px, SN, Vx and is strictly weaker than INV (see [23]). Furthermore, it can
be proved that PIP is stronger than the ones in the list above: thus, the open question is
whether PIP rules out other principles that come out from INV but that are not considered
so rational.

Instead of focusing on a comprehensive symmetry principle that encompasses all the
most accepted ones, we can try to detect other “notions” from which we can derive
rationality: for instance, we want that an agent ignores irrelevant knowledge in forming
beliefs regarding a fact. In the unary case, this will lead us to principles like the

e Johnson’s Sufficientness Postulate (JSP){F|

the value .
w(aj(ans)] /\ Oéhi(az'))

i=1

depends only on n and on the cardinality of the set {i <n : h; = j}.

This principle can be stated in this way: knowing which atoms are satisfied by
ai,...,a,, to decide which degree of belief should be assigned to «;(a,+1), an agent
should ignore all the information but n and the number of the constants among aq, ..., a,
that satisfy the j-th atom.

The difference between symmetry and irrelevance isn’t neat and some principles follow
from both arguments: an example of this is Ax. We have already shown that INV implies
it (and PIP does too, in the unary setting) and we will see in the next chapter that we
can derive it also from JSP.

What was said before about irrelevance regards the unary context; for the polyadic
case, the question is a bit more delicate and will lead us to another important open
problem.

In the polyadic setting, we can’t talk about atoms and we have difficulties already in
generalizing the Ax principle in this context: in the following, we will try to rephrase it
in order to extend it. The principle that comes out of this irrelevance argument plays an
important role in one of the major actual questions on the subject.

Notice that when the probability w satisfies Ex and Ax, the value w(A"™, ap,(b;))
depends only on the multiset {my, ..., maq}, where

m;={ie{l,...,2% : h; =73}

Hence, in this case, the state description © = A",y (b;) induces a partition on the set
{b1,...,bn} depending on which constants are indistinguishable one from the other using

12They seem to be encompassed by another principle called Conformity: for further details see [20],
Chapter 28.

13See [13] and [20] for further details.

14Using the convention that in the case in which w(1) = 0, w(p|¢)) = ¢ means that w(p A1) = cw(1).
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the information given by ©. The various m;’s are only the size of the equivalence classes
that © creates. This motivates the following definition.

Definition 1.3.2. Given a state description ©(by,...,b,), we define the equivalence
relation ~g on the set {by,...,b,}, by putting

b; ~eg b; if and only if ©(by,...,by) Ab; =b; is consistentF_gl

The spectrum of O, denoted by S(©), is the multiset of the sizes of the ~g-equivalence
classes on {by,... by}

A probability w that satisfies Ex, satisfies the Spectrum Exchangeability Principle (Sz)
if for any two state descriptions O(by, ..., b,,) and ©'(by, ..., b,,) with the same spectrum,
w(0) = w(0').

In the unary case, Sx corresponds to Ax for probabilities that satisfy Ex.

Example 1.3.1. Given a language with a binary relational symbol R, then:

o if ©(ay, az,a3) is the state description A}, A%_; R(a;, a;), then according to © the
constants are all indistinguishable and then S(0) = {3};

e if O(ay,as,as,ay) is the conjunction of the following atomic formulas

R(ai,a1) —R(ay,as)  R(ay,a3)  R(ay,ay)
R(as,a1) —R(ag,as)  Rlas,az) —R(as,ay)
R(as,a1) —R(az,as) R(asg,a3)  R(as, ayq)
R(as,a1)  R(ag,as)  Rlag,a3)  R(ag,ayq)

then the equivalence classes induced by ~¢g are {ai,as},{as}, {as}, hence S(O)
{2,1,1}.

Sx can be regarded as an irrelevance principle: in evaluating w(©) nothing matters but
the spectrum of the state formula. When we talk about symmetry, this becomes an open
problem: does Sx derive from a symmetry principle? Is there a class of automorphisms
the invariance under which corresponds to Sx?

By what is known now, Sx is strictly weaker than INV, since more probabilities sat-
isfy Sx but only one that satisfies INV, and however it is strictly stronger than PIP.
These properties give rise to hope for Sx as a principle that can capture rationality and
encompass symmetry and irrelevance, but there is a lot of work still to do.

5Here consistent is with regard to the equality axioms.



Chapter 2

Relevance, Irrelevance and the
Carnap’s Continuum

In this chapter, we will focus on other principles that can be used to determine the ratio-
nality of a probability: namely we will study the Irrelevance on the form of the already
mentioned Johnson’s Sufficientness Postulate (JSP) and we will show a nice charachteri-
zation of the probabilities that satisfy Ex and JSP; we will show that these two properties
will determine a family of probabilites called the Carnap’s continuum.

2.1 Relevance

Maybe before talking about Irrelevance, we can discuss about what should be relevant
for the agent in assigning beliefs.

The idea here is that in determining the chance of drawing a plain blue ball from the
urn, it should be relevant the number of plain blue balls already drawn by the agent: the
more frequently we (or our rational agent) have seen some event in the past the more
frequently we expect to see it in the future.

There are many ways to capture this idea within the formalization used so far: Carnap
in [I] states the following principle with this aim.

Definition 2.1.1. A probability w on Sen(L) satisfies the Principle of Instantial Rele-
vance (PIR) if and only if for any ¢(ay,...,a,) € Sen(L) and atom «(z) of L, we have
that

wla(anta)|aan) Aplar, ... an)) 2 w(a(anto)lplar, .. an)).

An informal description of the principle is the following: if the agent knows something
(p(ai,...,a,)) the fact that a,; satisfies a should enhance the chance for the agent to
believes that also a9 satisfies a.

As already said, the notions of symmetry, irrelevance and relevance are not so neatly
distincted and the next theorem moves in this direction.

Theorem 2.1.1. Ex implies PIR.

Proof. Let w be a probability on Sen(L£) that satisfies Ex. Suppose that the atoms of the
language are ay(z),. .., a(x) and that a = w(p(ay,...,ay)).

29
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Using Corollary [1.2.2] denoting with p De Finetti prior of w, we have that
0= wlper,ovan)) = [ walplan,.. 0)) dul@),
]D)Qq
w(ar(an) Aplar, - an)) = | wrws(p(an, . ., an)) du(@),

w(ay(anye) A g (anpy) Aplay, ... a,)) = /D viwz(play, ..., a,)) du(T).

Therefore, w satisfies PIR if and only if
(] wstolare ) du(@) - ([ tusloon,.. . an) dul@) =
ng DQQ
) 2
([ svsetar,....an)) du(a)
Dog

The thesis follows from the Cauchy-Schwarz disequality. m

A similar argument shows that Ex actually implies the Fxtended Principle of Instantial
Relevance (EPIR): for any ¢(ay,...,a,) € Sen(L) and for any 0(x) L-formula with x as
the only free-variable,

w(0(an2)|0(ans1) Aplar, ... an)) 2 w(b(any2)lp(ar, ... an)).

2.2 Irrelevance and Carnap’s Continuum

While in the previous section we were interested in what should be relevant for the agent
in assigning beliefs, now we will focus on the irrelevant knowledge. In this perspective,
we recall the Johnson’s Sufficientness Postulate (JSP): the value

w(ay(ansn)] \ Otm(ai))

i=1

depends only on n and on the cardinality of the set {i <n : h; = j}.

Actually this principle, with the already discussed and agreed by all Ex, determines a
family of probabilities depending on a parameter \ as specified by the following definition.

Definition 2.2.1. For a unary language £ = {Ry,...,R,}, for any 0 < XA < oo the
probability function c£ is the only one such that

n ms; -+ )\2_‘1
Cf(aj(an—&—l”/\ahi(ai)) - jnT

i=1

, (2.1)

where m; = [{i <n : h; = j}| and we use the convention that 279 - co/oc0 =277-0/0 =
274,

1Using the convention that in the case in which w(¢) = 0, w(p|t)) = ¢ means that w(p A ) = cw(1).
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Proposition 2.2.1. The definition above is well-posed: indeed, it defines a unique prob-
ability c% for any X\ € [0, 0o].

Proof. In the case A = 0, we have already encountered the probability c5: we will show
that the definition above agrees with the one given in Chapter 1:

n

(A on () = [T e (o, ()] A\ o (00): 22

e if all the A;’s are equal, then

£ (any (a)| A\ () = U=

- (J—1)
for j > 1, but for j = 1 we have
p ° 0+0-279
g (ahl(al)\i_/\l o (a;)) = —oxo0 — 279,
hence the thesis;
e otherwise, if not all the h;’s are equal, there exists a k > 1 such that hy = --- = hy_1

and hg # h;. Hence,

A 0+0-27¢
Cg(ahk|A ap,(a;)) = -1 VY

and

coﬁ(/\ ap,(a;)) =0

For A > 0, by Equation (2.1)), we have that

£ (A on(@) = [T (an, (@) A ani(a)

B ﬁ ri+A271 A2~ q
] -1+ )\
mp—1 _
- Hk:l j:kO (j +A279)
- n—1/ . ’
szo (J+A)
where 7; is the number of times that h; occurs among the hy,...,h;_; and my is the

number of times k£ occurs among hq, ..., h,. Then the conditions established at page
are satisfied since:

(2.3)

o £(A™jap,(a;)) > 0 because it’s a product of positive entities;

o £(T) =& (AL ap,(a;)) = 1 since the empty product is 1;



32CHAPTER 2. RELEVANCE, IRRELEVANCE AND THE CARNAP’S CONTINUUM

e given r > n it should be that

T

Z Cf(/\@hi(ai)/\ /\ Oéfj(ai))ch(/\ahi(ai))‘

f{n+1,.r}—={1,...,29} j=n+1

We will show that this holds when r = n + 1 even if the same argument can be
generalized for a generic r > n.

Denoting my, the times k occurs in hy, ..., h, and t;¢ the times k occursin hy, ..., Ay, fot1

29 rrtrs—l, - ~
Z Hk:1 jk:'fo (j+A279)
n—1y/ .
fi{n+1}—{1,...,2¢} Hj:(] (] + )\)
- H;ik[;l(j +A271) (my 4 A279) - 1, ;n:;c(;l(j FA270) (g + A279)

120G+ ntA . [5G+ ) nEA
TG T2 G+ X270 (g + -+ mge + 29 - A279)
TR D)
CIGL D% G227 e IRn I G+ A2
TS G+N ntA o TS0+ N
O

It’s easy to see that the first symmetry principles encountered in the previous chapter
are satisfies by the c£, as the following proposition shows.

Proposition 2.2.2. The Carnap’s Continuum c5 satisfy Ex, Px, SN and Ax.

Proof. We have already shown that INV implies all the principles listed above, so when
A = 0 the proposition has been already proved.

For A > 0, from Equation , we can see that ¢§ doesn’t depend on the a;’s, hence it
satisfies Ex; since the second term of Equation depends only on the set {my, ..., maq},
we have that c£ satisfies Ax.

Replacing a relational symbol with another or a relational symbol with its negation
in a conjunction of atoms is equivalent to apply a specific permutation of atoms: hence,
Ax implies SN and Px and in particular all the c£’s satisfy SN and Px. m

As already announced, this family comes out by investigating a little further the JSP
principle and we will need the next theorem to understand better what it means.

Theorem 2.2.1. Suppose that L has at least two realtional symbols (i.e. q > Z/EL' a
probability w satisfies Ex and JSP if and only if is of the form ¢ for some X € [0, q].

Proof. Clearly, by the definitions, the Carnap’s Continuum satisfies JSP and we have
already shown that also Ex holds for them.

For the converse, the first thing to notice is that JSP implies Ax. First, assume that
there is a state description A, ap, (a;) to which w gives the value 0; we can without loss
of generality suppose that n is the minimal with this property. Then

2When ¢ = 1 it can be shown that Ax, SN, and JSP are all equivalent principle, hence there are more
probabilities that satisfy JSP.
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e n > 1, since we have that

24 24

L=w(\/ @) =) wlai(a))

i=1 i=1
and for Ax, to any atom is assigned the same value, i.e. 279,

e if two atoms in A"y, (a;) are equal, say that h; = he, then by PIR (and then by
Ex, by Theorem [2.1.1)), we have that

0 = w(an, (a)|/\ an, (@) = wlan, ()| /\ an,(a)),

=2 =1

contradicting the minimality of n.

Hence all the h;’s must be different and by JSP, we have that

n n

0 = w(an, (a1)| \ (@) = w(ar(ar)| )\ az(a)),

i=2 i=2
therefore w(ay(ar) A A_yaa(a;)) = 0.

For what said before, all the h;’s that appears in the minimal state description to
which w assigns the null value must be distinct, hence n = 2 and

w(ay(ar) A asz(az)) =0;

by Ax, this means that for all n,

w(/\ o, (a;)) =0

if the h;’s are not all equal, and this directly leads to w = c5.

Suppose now to have a probability w that satisfies JSP and assume that is non-zero
in the state descriptions. Then, by JSP the quantity w(a;(ant1)|Af—qon,(a;)) depends
only on n and r, i.e. the times j occurs in Ay, ..., h,, hence this value can be denoted by
g(r,n).

24 24
1=w(\/ ai(a)|aj(@)) =Y wlai(az)|a;(ar))
i=1 i=1
=g(1,1) 4+ (29 = 1)g(0,1). (2.4)
Since w satisfies Ex, it satisfies also PIR by Theorem [2.1.1} hence,
9(1,1) = w(a;(az)|aj(ar)) = w(a;(az)) = g(0,0).
By Ax, 1 > g(1,1) > 277 hence g(1,1) can be written as a convex combination of 1 and
Pl 1 A C14270)

1) = -y A gg_1T2A
O B G iy Tt
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for some A\ € [0, 00]. Hence, by Equation we have that

279\
14+ )\

9(0,1) =

Since w is non-zero in all the state descriptions, ¢g(0,1) > 0, hence A > 0.

We can show now that these values forces for any r,n € N with » < n that

r+A271

n+ A (2:5)

g(r,n) =

e for n = 0,1 we have already proved the thesis with all the values r < n possible;

e assume that Equation 2.5 holds for n and all the r < n. Let’s take now r, s such
that r + s = n + 1 and two atom indexs k,m € {1,...,29}. We have that

L=w(\/ ah(an+1)|/\am(ai) A /\ ax(a:))
> wlonlan)|Aomla) A A\ ox(a)
=g(r,n+1)+g(s,n+1)4+ (27 —2)g(0,n + 1). (2.6)

Using the notation oy, ap, ...ap, to denote Al ay, and taking r,s,t such that
r+ s+t =n and distinct atom indexs m, j, k € {1,... ,QQ}EL we have that
wlamlajal,alal) - wlalag,alah) = wlamaylagalal)
wlaglana,adaf) - wlaaf,aio)
hence
glr,m+1)-g(s,n) =g(s,n+1)-g(r,n). (2.7)
Taking s = 0, we have for the inductive hypothesis

g(r,n) r+X27In+ A »

0 1) = 0 1) = (rA"12941)q(0 1)
g(O,n)g( ) = e 90t =0 +1)g(0,n+1)
(2.8)

Taking » = 1, s = n in Equation and replacing the outcome in g(1,n + 1) and
g(n,n + 1) in Equation gives

12 (1, n+1) + g(n,n+ 1) + (27— 2)g(0,n + 1)

g(r,n+1) =

T (\120 4+ 1)g(0,m+1) + (0A7127 + 1)g(0,n + 1) + (2 — 2)g(0,n + 1),
from which -
0 )= —m—.
9(0,n +1) n+14+\

The thesis for a generic r < n + 1 follows by replacing using the equation above
g(0,n + 1) in Equation .

3This is possible since ¢ > 2
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[]

The c£’s have been as a good family to represent the beliefs of a rational agent: as
already proved, they satisfisfy the basic symmetry principles (Ex, SN, Px, Ax) and JSP.
Furthermore, they satisfy also the Reichenbach Aziom (RA) a famous principle in the
applicative counterpart of this theory.

Definition 2.2.2. A probability w on Sen(L) satisfies the Reichenbach Aziom (RA) if
and only if for any function f : N* — {1,...,29} and for any L-atom «;(z), we have that

n

lim (w(aj(anﬂ)\/\ o, (a;)) — u](n)) =0,

n—-+00
i=1

where uj(n) =|{i : 1 <i<nandh; =7}
Obviously, for the definition of ¢, we have that

&£ (a5 (ans )|\ an (@) — qu(ln) _ () 2277 w(n)

o n+ A n
~ 277 — dugi(n)
 onam+N)
and the limit of this as n approaches to 400 is
A279 — \u; A2 A
lim 450 _ iy ~ im0
n—+oo n(n + /\) n—+oo N + A n—+oo TL(TL + )\)

However, also this family has its faults: in particular, one is that no amount of evidence
of the form A p(a;) can lead the agent whose beliefs are according to ¢4 to give the
value 1 to Vze(z) when A\ > 0. Indeed, also when ¢(x) is a L-atom, say a(z), we have
that

cf(an(x)\/\a(al) = lim § /\04 /\ )

m—+00
=1 7j=1 =1
m—1 n
_ : L L
_ml_lEEooCA (c(am)]| Z/\1 a(a;)) - 5 (am—1 |/\ ey (a(anH’/\l a(a;))
. m—14+X2"79 m-—2+ X279 n+)\Qq
— hm . e
m—+oo M — 1+ A\ m—24+ A n+ A
. A1 —279) A1 —279) A1 —279)
- ] 122 Iy (A2 Ty A
Jim (=) O ) )
. )\<1_2 ) m—n . —M\(1=2"¢
< SR = (1=279) < 1,

We have already argued the flaws of c5, but we can notice that in this case, this probability
is able to capture the validity of II;-sentences.

n m n

of (vra(a) A o)) = lim_cf( A afa)l\a(e)) = 1.



36CHAPTER 2. RELEVANCE, IRRELEVANCE AND THE CARNAP’S CONTINUUM

However, Carnap himself and other scholars argued that is sufficient to ask a prob-
ability w that an evidence of the form A ¢(a;) leads the agent to believe in ¢(a,41)
assigning to it the value 1, instead of recongnising the validity of Vzp(z) when n ap-
proaches to oo: this property holds for the c5’s since it can be easily derived from the

Reichenbach Axiom.

Another more serious problem of the ¢ is linked to Example m Since the c§’s
satisfy Ex, they can be written as in Theorem [1.2.1} indeed, we can show that

249

=k [ ws [ @),
]D)Qq

=1

where ¢ is, as usual, the number of relational symbols of the language, k, is a normalization
constant, and p, is the Lebsegue measure on Dy,.

In the Example[1.2.1], we chose a probability (the Lebsegue’s one in [0, 1]) that assigned
to all the wz’s the same value and we get for the unary language considered the probability
co; in general, using the equation above, we can see that for a language £ with ¢ relational
symbols, in order to give the same weight to all the wz’s, we should take A\ = 29.

We can show that if we remove from the language £ a relational symbol, getting the

language £, then cf‘ Sen(c-) = ¢, therefore, for A = 29, we have
en

)

L _
C2q|Sen(£*) - kq‘l/D

Hence, if we consider rational to assign the same weight to all the wz’s, we have to pay
attention to the language considered: when £ has ¢ relational symbols, in c%, the wz’s are
equally wighted, but when we restrict to a sublanguage, this doens’t happen anymore if
we mantain the same probability.

201

Wz H z; dptg—1(T).
i=1

2¢—1

This attention for the languages is motivated by the fact that we want a consistency
between the different languages and the respective probabilities that can be used; indeed,
it would appear unreasonable to assume from the start that £ was all the language
there could ever be; maybe we discover that there are some properties that needs further
relational symbols, or maybe we discover that some relational symbols are superfluous
since equivalent, for example, to a combination of the others.

Hence, to sum up, the family of the c§’s seems to satisfy a lot of basic principles
(Ex, Px, SN, Ax, JSP) and it can be argued that these probabilities achieve most of our
requirements about a rational agent’s beliefs. If we want to delve into the choice of the
specific A, then we have some issues to consider: the case A = 0 is dealt when we talk
about symmetry in Chapter 1 and it doesn’t seem to be a good choice; the case A = 29
seems reasonable even if we lack still a good reason to choose this value: in particular,
the motivation rooted to the fact of giving the same weight to the probabilities involved
in its De Finetti’s representation depends too much on the language we are working with.
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